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It is shown that if a Steiner system s(t, k, U) (t > 3) is block schematic, then v  
is bounded above by a function of k. 
1. INTRODUCTION AND SUMMARY 
A Steiner system ,Y(t, k, V) is a collection of k-subsets (called blocks) of a 
u-set of points, with the property that any t-set of points is contained in a 
unique block. We assume 1 < t < k < U. We shall call a Steiner system 
block schematic if the blocks, provided with the relations determined by size 
of intersection, form an association scheme. 
Cameron in [l] proved that if S(3, k, v) is block schematic, then v < 
2 + k(k - l)(k - 2)/2. 
Ito and Patton [2] classified block schematic S(4, 5, v). In [2] it is also 
proved implicitly that if S(4, k, U) is block schematic, then u is bounded above 
by a function of k. 
We shall prove the following theorem in this paper. 
TJXEOREM. If S(t, k, v) (t > 3) is block schematic, then there is a function 
of k such that v <f(k). 
Now we introduce the notation. Let P be the set of points of S(t, k, u). Let 
5 be the set of blocks of S(t, k, v). Let Bi (i = l,..., h,) be elements of B. 
Let Ah (h = O,..., k) be the h-adjacency matrix of (P, B) defined by 
Adi, j) = 1, if j Bi n Bj 1 = h 
= 0, otherwise. 
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We put A, = 0 in case there is an integer m (0 < m < t - 1) such that 
( Bi n Bj 1 # m for any two blocks Bi , Bi of B. Thus Ah is a matrix of degree 
A, , Al = 0 and Al, = E. So we relabel Ax as At for brevity of notation. Let 
CC be the vector space over the field of complex numbers spanned by the AP . 
The assumption that S(t, k, V) is block schematic implies that 
AiAj = c h(i, j, h) Ah, 
h=O 
where h(i, j, h) is a nonnegative integer. (That is, 6 forms an algebra.) 
2. SOME PROPERTIES OF STEINER SYSTEMS 
In order to prove the theorem we need the following lemmas. 
LEMMA 1. (Mendelsohn [3]). Let S be a Steiner system S(t, k, v) and B a 
block of S. Let ci (0 < i < t - 1) denote the number of blocks distinct from B 
each of which has exactly i points in common with B. Then the following 
equations hold. Therefore the Ci’s are uniquely determined and are independent 
of the choice of a block B. 
co + Cl + c2 + ... + C&l = A, - 1. 
Cl + 2c, + *-* + (t - 1) Ct-1 = (Xl - 1) (‘;). 
ci + 
i+l ( ) i Gil + .** + (" ; ') Q-1 = (hi - 1) (f). 
G-1 = @t-1 - 1) (t k 1). 
The ci’s are called intersection numbers. Let ct = 1. 
LEMMA 2. In Lemma 1 if 
then ctes > (c~-~)~. 
Proof By Lemma 1 we get the following equations. 
v-k k 
ct-l=/&t+l t-1’ ( 1 
390 TSUYOSHI ATSUMI 
Ct-2 = (v - k)(v + k - 2 + 3) k v-k 
(k - t + 2)(k - t + 1) t - 2 - k - t + 1 ( ) ( ) i” 1 (t - ‘)’ 
( 
(v - k)[v2 + {k - (3t - 6)) v + k2 
-(3t-6)k+3t2- 12t+ 111 1 k Q-s = 
(k - t + 3)(k - t + 2)(k - t + 1) ( ) t-3 
_ (t - 2)(v - k)(v + k - 2t + 3) k 
(k - t + 2)(k - t + 1) ( 1 t-2 
+ (t - l)(t - 2)(v - k) k 
2(k - t + 1) ( 1 t-l‘ 
Let 
f(v> = 13 + {k - (3t - 6)) v + k2 - (3t - 6) k + 3t2 - 12t + 11 k 
(k - t + 3)(k - t+W-- t+ 1) ( ) t-3 
(t - 2)(v + k - 2t + 3) k 
- (k - t + 2)(k - t + I) ( 1 t - 2 
- - - k 2 
+ (t l)(t 2) 
k 
2(k - t + 1) ( t - 1 1 (v k) - (k - t + 1)2 ( t - 1 1 ’ 
If we prove thatf(v) > 0, then we complete the proof of Lemma 3. Put 
g(v) = 
v2 + {k - (3t - 6)) v + k2 - (3t - 6) k 
k3 
- k(v + k) - (v - 4 (f ” )). 
We find readily that g(v) > 0 for 
Since g(v) > 0 is a stronger inequality than f(v) > 0, it follows that f(v) > 0. 
LEMMA 3. No S(t, k, v) with t > 3 has the property that, if Bl , B2 , Bs are 
blocks with 1 Bl n B, ) = 1 B, n B, ) = t - 1 then 1 Bl n B, 1 # t - 3. 
(This lemma is due to Cameron, who kindly informed us that by using this 
lemma our result with a better bound could be obtained more easily by a 
modification of our argument.) 
Proof. If a system has this property, then so does any contraction of it; 
so we may assume t = 3. Let BI, B2 be blocks with 1 B1 n B, 1 = 2, and x, 
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y two points in B, - B1 . Then (U - k)/(k - 2) blocks B3 satisfy B, r\ B3 = 
{x, y}. By hypothesis, each of these blocks meets Bl - Bz , Since a unique 
block contains {x, y, z} for any z E Bl - B, , this implies (U - k)/(k - 2) < 
k - 2, or v 6 k2 - 3k + 4. 
But the condition c1 > 0 is equivalent to v 2 k2 - 3k + 4. Then equality 
holds, and c1 = 0. But then, for each B3 as above, we have 1 B, n B3 1 = 2, 
whence (v - k)/(k - 2) < (k - 2)/2, a contradiction. 
3. PROOF OF THE THEOREM 
We assume that 
&,=$&- l,t- 1,h)Ah. Multiplying by the all-l vector gives 
2 ct.1 = chpo h(t - 1, t - 1, h) cj& . Since every term in this expression is a 
nonnegative integer, Lemma 2 implies that A(t - 1, t - 1, t - 3) = 0. 
Lemma 3 then gives a contradiction. Thus we complete the proof of the 
Theorem. 
Remark. From the proof we may put 
in the Theorem. 
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